Abstract An original structural model for the description of icosahedral quasicrystals is proposed. This novel theoretical approach is based on a surface-stacking image of icosahedral quasicrystals and is in concert with the step-terrace morphology observed in many experimental investigations of real icosahedral surfaces. According to this model, the infinite icosahedral structure is constructed by stacking two arrangements of quasi-periodic surfaces along each of the 5-fold axis of the icosahedral symmetry. In this stacking order, the spacings between the layered surfaces are governed by Fibonacci sequence. The proposed model operates within the real physical (Euclidean) space and provides a direct three-dimensional visual representation of the icosahedral superstructure, which can be instrumental for conducting different modes of experimentations, analyses, and fabrication strategies; eliminating a major roadblock for researchers especially outside the fields of crystallography and material science. More importantly, understanding the long-range surface-stacking logic of the icosahedral structure will hopefully provide a deeper understanding of the structure of quasicrystals at an atomic scale and help achieve improved control over material compositions and structure.
Introduction
The discovery of quasicrystals in 1982 has revealed a new class of condensed state of matter with a unique atomic structure exhibiting a long-range orientational order with no translational symmetry [1] . Surprisingly, the diffraction patterns of these non-periodic solids reveal discrete sharp bright peaks, which were thought to be possible only for periodic crystals in the traditional crystallography [2] . One key feature of the quasicrystalline order is that it exhibits self-similarity, in which the same patterns occur at multiple hierarchies [3] . Thirty five years after their initial discovery, hundreds of quasicrystals have been reported and substantial milestones in understanding their structural and physical properties have been made [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . However, the full description of the atomic structure of quasicrystals still poses many challenges. The most pressing question remains unanswered: Where are the atoms?
Among the earliest members of this expanding new class of solids and one of the greatest physical interests is the special case of icosahedral quasicrystals, which represents the majority (80%) of all known quasicrystals [16] . These structures are often used to introduce the formal mathematical theories for the construction and classification of the different arrangements and packings of unit cells [17, 18] . Historically, two leading theoretical approaches for describing the structure of icosahedral quasicrystals have been introduced; the cut-andproject approach and the matching/inflation-deflation approach. Today, most of the available structural models are based on these two principal approaches.
The famous cut-and-project framework provided the first mathematical foundations for describing the notion of quasi-periodicity, which was independently proposed by multiple research groups [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Accordingly, the vertices of the quasiperiodic formations in the physical space are derived from projections of selected nodes of higher-dimensional lattice [30] . It was shown that a packing with icosahedral symmetry can be generated by the grid projection technique from sixdimensional hypercubic lattice [17, 18] . For more than three decades, the higher-dimensional description represented the most successful approach for resolving the quasicrystals structure. With access to diffraction experiments, the cut-and-project description provided the basis for the earliest models for describing the atomic structures of icosahedral quasicrystals [31] [32] [33] .
The second leading approach for describing clusters of icosahedral symmetry is based on tiling/covering of the threedimensional (3D) space using matching/deflation-inflation rules. This approach utilizes matching and substitution rules (composition and decomposition) to generate quasi-periodic packings of the space using a discrete number of 3D prototiles. The matching rules determine how one or more clusters are tiled or overlapped to force the icosahedral structure. The inflation-deflation rules, which are derived from the fractal nature of the quasicrystalline symmetry, utilize certain substitution rules to decompose the three-dimensional prototiles into smaller tiles of the same shape; and thus allowing the larger formations to be composed. In 1984, Levin and Steinhardt generated a pair of polyhedral "bricks" that can be used to fill a space with non-periodic packings, which can be further decomposed into overlapping clusters of rhombic triacontahedra [3] . In 1985, Ogawa pointed out that the inflation factor of a 3D Penrose transformation is equal to golden mean power 3 [34] . In 1986, Socolar and Steinhardt introduced a family of four rhombic zonohedra, which admits local matching rules [18] . Socolar and Steinhardt described the 3D icosahedral packings through the unit cell decoration by intersecting Ammann planes as well as dividing the unit cell into smaller subunits. Three years later, Danzer [35] introduced another family of four skew tetrahedra prototiles with similar properties, which force aperiodicity by applying certain matching/inflation rules. Recently, Madison proposed a tiling approach based on substitution algorithm to construct the icosahedral packings, in which he initially relied on the results of the higher-dimensional approach to devise the first inflation/deflation rules [36] . The matching/inflation-deflation approach has been used to describe the atomic structure of quasicrystals [37] [38] [39] . The cluster-based atomic modeling approach utilizes the similarities between icosahedral quasicrystals and large unit cell crystalline approximants [40] [41] [42] [43] [44] [45] .
Although the higher-dimensional and the matching/ inflation-deflation approaches represent the leading theoretical alternatives for describing the structure of icosahedral quasicrystals, they are not without challenges. For example, in a single specific quasicrystalline structure in higher-dimensional description, there exists an infinite number of slightly different realizations in the physical space. It is therefore difficult to know which of these realizations correspond to a specific quasicrystal with known higher-dimensional structure [15] . Moreover, the cut-andproject approach is highly theoretical and operates within an abstract dimensional word that is beyond the human perception. Unfortunately, structural models that are derived from this approach remain a mystery to many researchers, especially in the non-crystallographic fields. The matching/deflation-inflation approach on the other hand operates on a local level and on multiple hierarchies, which often gives a fragmented picture of the whole symmetry. As a result, some researchers are moving away from the tiling model, which is challenged to explain the growth of real quasicrystals in metallic alloys [46] towards a cluster-based model, in which quasicrystals can be constructed from repeating seed clusters [47] [48] [49] .
Based on this review and for the benefit of the wider research community, it is critical that new models for the description of icosahedral quasicrystals are proposed. The need for alternative models that operate within the real physical (Euclidean) space is essential to eliminate a major roadblock for many researchers outside the field of crystallography and material science. It is the goal of this paper to present a new theoretical model that describes the infinite icosahedral structure without relying on existing approaches. This new geometrical approach is based on a surface-stacking image of icosahedral quasicrystals. Such approach is in concert with the stepterrace morphology observed in many experimental investigations of atomic layers in real icosahedral surfaces. Accordingly, the structure can be seen as groups of atomic layers with alternating thicknesses separated by gaps of various heights [50] [51] [52] [53] [54] .
Surface-stacking model
According to the new geometrical model, constructing the infinite icosahedral structure is achieved by stacking two arrangements of quasi-periodic surfaces along each of the 5-fold axis of the icosahedral symmetry. The two surface arrangements are derived from the two-dimensional (2D) formations of Penrose tiling consisting of the thick and thin rhombus. The surface-stacking model (SSM) utilizes the hierarchical framework model (HFM) described in [55] to construct the 2D 5-fold Penrose tiling formations. It is worth highlighting that the HFM was inspired by a unique creative historical context [56] [57] [58] . The construction process does not follow localized procedures or relies on discrete angles or distances, rather it utilizes the relationships inherent within the proportional system; allowing a higher level of organization to happen intuitively. In the next sections, the process of utilizing this approach to construct the icosahedral structure is demonstrated.
Penrose quasi-periodic tiling
According to Ajlouni [55] , the construction process of 2D 5-fold Penrose formations is governed by a global proportional system, in which a framework of nested decagrams serves as the road map for guiding the distribution of the different building units (Fig. 1c) . This hierarchical framework is constructed by building a progression of nested sequences, in which each decagram is proportional to the previous level. If we denote the radius of the nth decagram by rad(n) and the next larger radius by rad(n + 1), then the ratio rad(n + 1)/rad(n) is equal to φ = (1 + √5)/2.
Constructing the infinite formation of Penrose quasiperiodic tiling requires building a progression of multi-level hierarchical clusters, in which every new cluster is built on the previous hierarchy. Any cluster level in this infinite system is composed of two highly symmetrical seed units and their two fragments. Figure 1 demonstrates the process for constructing the two main clusters of the first-level hierarchy. Each cluster is composed of four building blocks; two seed units with 5-fold symmetry (star cluster and decagon cluster) and their two fragments (Fig. 1a) . Each cluster is configured around one of the two main seed units located at the center of rotation. It is critical to point out that the size of each seed unit is proportional to the whole system and is derived from the progression sequence of the nested decagrams (Fig.1c) . The underlying golden framework serves as the road map for guiding the distribution of the seed units and their fragments (Fig. 1d ). Figure 1b shows the different connecting formations, which are consistent with Penrose matching rules. The two final arrangements (star cluster and decagon cluster) of the first hierarchy of Penrose quasiperiodic tiling are shown in Fig. 1e . The process of constructing the second-level hierarchy of Penrose quasi-periodic tiling is governed by building a new generation of the nested decagrams. In this second sequence, the final generated clusters of the first hierarchy shown in Fig.  1e serve as the seed units for the second-level hierarchy (Fig. 2c) . Each cluster in the second-level hierarchy is composed of four building clusters (two seed clusters and their two fragments) (Fig. 2a) . Similarly to the first sequence, all units of the second-level hierarchy are distributed according to the new framework of the nested decagrams (Fig. 2c) . Figure 2 b shows the different connecting formations between the two seed clusters and their two fragments. The two final arrangements (star cluster and decagon cluster) of the second-level hierarchy of Penrose quasi-periodic tiling are shown in Fig.  2e . By repeating this hierarchical process, the quasi-periodic formations can grow ad infinitum without any gaps, overlaps, or mismatches.
The 5-fold quasi-periodic surfaces
The 2D Penrose quasi-periodic seed clusters and their fragments shown in Fig. 2a can be viewed as 2D projections of the 3D quasi-periodic golden rhombus surfaces. By reversing such projection, the 3D quasi-periodic surface profiles can be derived (Fig. 3) . Figure 4 shows rendered views of the two final constructed 5-fold quasi-periodic surfaces derived from the two clusters of the second-level hierarchy of Penrose (surface A (left) and surface B (right)). Surface A is derived from Penrose quasi-periodic tiling cluster with the "decagon" seed unit at the center of rotation and surface B is derived from Penrose quasi-periodic tiling cluster with the "star" seed unit at the center of rotation. Each of these two surfaces (A and B) can be expanded infinitely to fill the plane without any gaps, overlaps, or mismatches. A closer look at their formations in The icosahedral structure According to the SSM, the icosahedral quasi-periodic structure is achieved by stacking two arrangements of quasiperiodic surfaces (A and B) along each of the 5-fold axis of the icosahedral symmetry. Figure 6 shows a 3D global network of the intersected frameworks of the nested decagrams, each framework oriented along one 5-fold axis of the icosahedral symmetry. This global framework provides a roadmap for understanding the long-range order of the icosahedral quasi-periodic symmetry as well as guiding the construction process of the quasi-periodic superstructure.
The SSM makes the assumption that a Rhombic Hexecontahedron, which preserves the icosahedral symmetry, is located at the center of the icosahedral superstructure. Accordingly, surface A provides the starting base surface located on the positive side of the 5-fold axis with its center of rotation positioned at the (0,0,0) of the icosahedral symmetry (Fig. 7) . A mirrored image of the surface A is then created on the negative side of the same axis and rotated 36°. By repeating this process for all 5-fold axes, an intersected network of surfaces emerges that preserves the icosahedral symmetry while all intersected elements fit exactly in place (Fig. 7) .
The resulting surface network shown in Fig. 7 serves as a roadmap for verifying the next surface to be stacked. Accordingly, surface selection (A or B), orientation, rotation, and step height are verified by two main conditions; the logic of the adjusting surface and the logic of the intersected surface network. Every selection confirmed by those two conditions is then mirrored, rotated 36°, and repeated for all 5-fold axes. Any confirmed surface is then added to the intersected surface network to help verify the next surface. By repeating this process, a clear path for surface stacking emerges. Figure 8 shows the unique stacking order and spacings for 28 surfaces (14 instances of surface A (red) and 14 instances of surface B (blue) arranged along one 5-fold axis of the icosahedral symmetry. Such arrangement shows blocks of 1, 2, and 3 surface layers separated by interlayer spacings (Fig. 8) . A closer look at this discrete logic reveals a clear ordering system based on Fibonacci sequence with two spacings (S and L) separating the Figure 9 looks closely at the stacking order along one side of the 5-fold axis of the icosahedral symmetry. By analyzing this order, the rules for surface stacking and orientation can be deduced. The first rule dictates that the two end points of every L distance are occupied by two units of the same type (either two Rhombic Hexecontahedrons or two Rhombic Triacontahedrons) with each unit rotated by 36°relative to its opposite twin. The second rule dictates that the two end points of every S distance are occupied by two units of different types (one Rhombic Hexecontahedron and one Rhombic Triacontahedron). For initiating the Fibonacci sequence, either units (a Rhombic Hexecontahedron or a Rhombic Triacontahedron) can be used as the starting point, with its center of rotation located at the (0,0,0) point of the icosahedral symmetry. In this system, the starting unit dictates the sequence of surface stacking. In Fig. 9 , the Rhombic Hexecontahedron is located at the center of the quasi-periodic superstructure and therefore provides the starting point for initiating the Fibonacci sequence. The surface type (A or B), stacking, and orientation order are governed by the distribution of the two main units (the Rhombic Hexecontahedrons and the Rhombic Triacontahedrons) according to the Fibonacci sequence. Every Rhombic Hexecontahedron dictates that two red surfaces (surface A) are located on both sides, each rotated by 36°relative to the other. For every Rhombic Triacontahedrons, two blue surfaces (surface B) are located on both sides, each rotated by 36°relative to the other. Moreover, for every L distance, two internal surfaces are added depending on the surrounding twin units. Two blue surfaces (surface B) are added between each two Rhombic Hexecontahedrons and two red surfaces (surface A) are added between each two Rhombic Triacontahedrons (Fig. 9) . By following these rules, it is possible to construct a large sequence of surface stacking, which can also be verified by the network of intersected surfaces. It is also important to note that there exists only one choice (surface type (A or B) and orientation) for every stacked surface.
By repeating this surface-stacking order for all the six 5-fold axes of the icosahedral symmetry, a perfect quasi-periodic superstructure emerges, in which all surface units fit effortlessly in place to form the superstructure (Fig. 10) . Figure 10 shows the view along the 5-fold axis (Fig. 10b) , the view perpendicular to 5-fold axis (Fig. 10c) , the view along the 2-fold axis (Fig. 10d) , and the view along the 3-fold axis (Fig. 10e) . It is important to note that these intersected surfaces can be expanded to fill the infinite plane and therefore, the icosahedral structure can be expanded to fill the infinite space. A close-up wireframe views (surface A (red) and surface B blue)) shows the three icosahedral rotational symmetries (2-fold, 3-fold, and 5-fold) (Fig. 11) .
One of the great advantages of this method is that it allows for an easy construction and visualization of large patches of the icosahedral structure, which could be essential for conducting extended computational and physical experimentations [59, 60] . The availability of direct 3D icosahedral quasi-periodic representations can also help facilitate the physical fabrication of these complicated structures using additive manufacturing technologies. For example, the physical icosahedral structures in Fig. 12 were fabricated using off-theshelf stereolithography 3D printer.
Correlation with structure and growth of quasicrystals
Recently, Securer [15] identified some key unresolved open questions related to quasicrystals. Among which is the need for realistic 3D structural models starting with the nucleationbased growth of quasicrystals. In this growth process, a number of initial seed nucleus are used to initiate the crystal growth via nucleation or self-assembly [46, [61] [62] [63] [64] . The proposed SSM combines the description of surface-stacking logic with the seed-based logic and therefore can potentially be used to explore the relationship between the two correlated structures. By examining the generated superstructure and the underlying intersected framework of nested decagrams, it is possible to map the locations of the seed clusters of high symmetry throughout the global icosahedral structure. Moreover, understanding the long-range surface-stacking logic of the icosahedral structure will hopefully provide a deeper understanding of the structure of quasicrystals at an atomic scale and help achieve improved control over material compositions and structure.
Conclusion
In conclusion, this paper presented an original structural model (SSM) for the description of icosahedral quasicrystals. This novel theoretical approach is based on the surface-stacking image of icosahedral quasicrystals and is in concert with the step-terrace morphology observed in many experimental investigations of real icosahedral surfaces. According to this model, the infinite icosahedral structure is achieved by stacking two arrangements of quasi-unit surfaces along the six 5-fold axes of the icosahedral symmetry. This process relies on a global network of intersected surfaces, which allows for a perfect quasi-periodic structure to emerge effortlessly. In this global perspective, attention shifts from the manipulation of local relationships towards a global governing system, in which a matrix of intersected frameworks provide a roadmap for predicting the long-range order of the icosahedral quasiperiodic symmetry.
The proposed SSM operates within the real physical (Euclidean) space and provides a 3D representation of the icosahedral structure. Access to the direct geometric visual models of these complicated structures allows for different modes of analyses and fabrication strategies to be conducted; eliminating a major roadblock for researchers especially outside the fields of crystallography and material science. It is important to highlight that the study of non-periodic ordering systems is of interest to the wider scientific communities, including the creative and applied fields. Due to their unique visual, optical, and structural properties, quasi-periodic structures can be ideally suited for investigating a host of formative and performative applications at both the micro and the macro scales. 
